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Gibbsian Dynamics and Invariant Measures for
Stochastic Dissipative PDEs
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We present a general strategy for proving ergodicity for stochastically forced
nonlinear dissipative PDEs. It consists of two main steps. The first step is the
reduction to a finite dimensional Gibbsian dynamics of the low modes. The
second step is to prove the equivalence between measures induced by different
past histories using Girsanov theorem. As applications, we prove ergodicity for
Ginzburg-Landau, Kuramoto-Sivashinsky and Cahn-Hilliard equations with
stochastic forcing.
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1. INTRODUCTION

The main objective of this paper is to prove uniqueness of invariant mea-
sures for stochastically forced dissipative PDEs of the form:

ou _ aW(xa t)

= Au+ R(u) + Era )]

when all determining modes are forced. After establishing a general
framework to address this question, we present applications to three
popular dissipative PDEs: the Ginzburg-Landau equation, the Kuramoto—
Sivashinsky equation and the Cahn-Hilliard equation.
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Technically the main challenge in this program is to prove uniqueness
of invariant measures and hence ergodicity for stochastic PDEs with phy-
sically realistic stochastic forcing. We still have not achieved this goal.
However, progress has been made due to the work of a number of people.
Flandoli and Maslowski [FM95] proved uniqueness of the invariant
measure for stochastically forced Navier-Stokes equation when the forcing
amplitudes on the modes decay algebraically with some rate. In [BKL]
and [EMS], uniqueness of the invariant measure for the stochastic
Navier-Stokes equation is proved when all determining modes are forced.
In [EMatt], E and Mattingly proved uniqueness of the invariant measures
for finite-dimensional truncations of the Navier—Stokes equations when
only a few (viscosity-independent) large scale modes are forced. Related
results for the stochastic Ginzburg-Landau equation and stochastic Navier—
Stokes equation can also be found in [EHO00], [KS1], and [MY].

Our strategy follows closely that of [EMS] and consists of two steps.
The first is to reduce the infinite dimensional Markovian dynamics to the
finite dimensional Gibbsian dynamics of the low modes with history
dependence. For this finite dimensional Gibbsian dynamics, the noise is
non-degenerate, i.e., all modes are forced. The second step is to prove that
the measures induced by the dynamics with different past histories are
equivalent. This is done by using Girsanov theorem. The main technique
here is to truncate the growth of the nonlinear terms so that Girsanov
theorem can be appropriately used. This truncation procedure is reminis-
cent of the standard truncation and mollification procedures in studying
distributional solutions of linear PDEs. It is technical in nature, but it does
seem to be the main technical obstacle in our work.

As applications, we study three one-dimensional dissipative evolutio-
nary PDEs with periodic boundary condition on [— 7, 7]:

Stochastic Ginzburg-Landau equation (SGL)

Ou s OW (-, 1)
Stochastic Kuramoto—Sivashinsky equation (SKS)
Ou aw(-,t)
= —Au— Au— b SRS
% u—Au—u Vu+ FY 3)
Stochastic Cahn—Hilliard equation (SCH)
0 oW (-,t
W poug avuy+ 27D @)

ot ot
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We assume W( -, ) to be of the form

W(x, 1) =} oo (1) e(x), )

where the w,’s are independent standard Wiener processes and g, € R.

{er(x), ke N} = {ﬁ, °ji‘, 5“17:,..., Cf;z", “\“/i",...} is the basis of LY—=, n].
Let [x] denote the biggest integer less than or equal to x and define
H* = {u= 3, cn teer(x), Xp [51% |u]* < 00}. We will work on the proba-
bility space (2, #, %, P) generated by {w,}. Expectation E will be taken
with respect to P.

For simplicity of presentation, we only consider the case when only the
low modes are forced. However, we emphasize that our argument applies
with little change to the case when the high modes are also subject to
random forcing, as long as the forcing amplitudes decay sufficiently fast.
The same comment applies to the results in [EMS].

2. THEORY FOR GENERAL STOCHASTIC DISSIPATIVE PDES

Consider stochastically forced PDEs of the form:
du(t) = —Au dt+ R(u) dt +dW (¢), =0, u(0)=u, ©)

in a separable Hilbert space H equipped with the inner product {-,- >, € R.
A is a self adjoint linear operator on domain D(A) = H with eigenvalues
OsAh <A< - <Ay< -, lim_, 4 =00 and a complete orthonormal
system of eigenvectors e,..., €y,..., such that Ae; = A,e;. R is a nonlinear
function from D(R) = H to H. And

W)=Y oo (1) ex(x),

<N
where {w,}’s are independent standard Wiener processes defined on a
probability space (2, &, %, P) and g, € R, |g,| > 0.

We will assume that Eq. (6) is uniquely solvable for almost all w € 2
and defines a continuous Markovian semi-group denoted by

(P?,)zuo = U(S, ta , uO)' (7)

We simply write ¢ when s = 0.
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A probability measure u on H equipped with the Borel g-algebra is
said to be invariant iff

[ F) utau) = [ EF(p?u) u(du) @®)

for all bounded continuous functions ¥ on H and ¢ > 0.
An invariant measure u can be extended to a measure x4, on the path
space C((—o0, 0], H). First, define a cylinder set A4:

A= {u(s) e C((—o0, 0], H), u(t;,) € A;,i =0,...n},

where ¢, <t, <t,---t, <0 and the 4,’s are Borel sets of H. Let B Hx Q
to be

B={(u,w), ue A,, @o uE A, i= 1,...n}

and define p,(A4) = (ux P)(B). Then pu, is consistent on cylinder sets and
can be extended to the natural g-algebra by Kolmogorov extension theorem.

We define y; to be the map from C((—o0, 0], H) to C((—o0, ¢], H)
such that given u(-) € C((—o0, 0], H), ¥¢ flows forward u(-) with ¢ from
time 0 to ¢. In other words, (Y7 u)(s) = ¢2u(0) for se€ [0, ¢] and (Y u)(s)
=u(s) for s <0. Let 8, be the shift operator such that (6,v)(s) =v(s+1¢),
then 6, defines a function from C((—o0, 0], H) to itself.

If 41 is invariant then yu, is invariant in the sense that

[ F(u) dp,(u) = E F(0.0°u) dpy(w) ©)
C((—o, 0], H) C((—, 0], H)

for all bounded functionals ¥ on C((—o0, 0], H) and ¢ > 0.
Let x and v be two invariant measures on H and let 4, and v, be their
respective extensions on C((—oo, 0], H), it is obvious that u, =v, implies

L=v.

2.1. Gibbsian Dynamics

In this section, we will introduce the notion of Gibbsian dynamics of
the low modes. We partition H into two subspaces H = H, @ H, defined as:

H, = span{e,, [k| < N}, H, = span{e,, |k| > N}.

We will call H, the space of low modes and H, the space of high modes.
Denote by P, and P, the projections onto H, and H,, respectively. Let
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£ = P,u and h= P,u. We write u(t) = (4(¢), h(t)) and rewrite the stochastic
equation (6) in terms of ¢(¢) and A(z):

di(t) = [— AL+ P,R(u)] dt+aw (1), (10)
dh(t)
— = —Ah+ PR(). (11

We will show that for statistically invariant solutions of (6) existing for
time from —oo to +00, A is uniquely determined by the past history of £
from — oo to O for almost all u(¢).

We will impose a number of conditions on (6).

Condition 1. There exist constants # > 0 and &, > 0 such that
—Ax, Xy + R(x), Xy < =17 |x]3 + K. (12)

Condition 1 guarantees that basic energy estimates hold for (6). Define
&, =Y |o4|* The following lemma will be proved in Section 4.1.

Lemma 2.1. Let 4 be an invariant measure on H and let x, be the
corresponding measure induced on C((—oo, 0], H). Then under Condition 1,
VK, >0 and ¢ >%, for p,-almost every trajectory u(-) in C((—o0, 0], H),
37, such that for s <0

|u(s)|fﬂ < 2ky + &, + K,y max(T;, |S|)(5~ (13)

Condition 2. Let u;,u, € H and let p =u; —u,. There exist a con-
stant e € [0, 1) and a non-negative function K(u) on H such that

(R(uy) = R(wy), pYu < alAp, pyw +K(w) |plis- (14)

Furthermore,

fH K(u) du(u) < B (15)

for some constant f independent of the invariant measure u.

A consequence of the second part of Condition 2 is that given any
ergodic invariant measure u, for u,-almost all u(-) € C((—o0, 0], H) :

lim

ty > —© — o

f " K(u(s)) ds < B. (16)
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Define the set U < C((—0, 0], H) to consist of all v: ((—o0, 0] = H)
such that v satisfies (13) and (16). By definitions, if Conditions 1 and 2 are
satisfied, then for any ergodic invariant measure y, u,(U) = 1.

We will use £(¢) to refer to the value of the low mode at time ¢ and will
use L' to mean the entire trajectory from —oo to ¢. Hence £(¢) € H, and
L'e C((—, 1], H,) and 4(s)=L'(s) for 0<s<t. By @,(L, hy) with
s<t, we mean the solution to (11), the equation for the high mode,
at time s with initial condition A, and low mode forcing L’. Of course
@,(L', hy) only depends on the information of L’ between 0 and s. So is
@, (L', hy) defined for the solutions starting from #,.

Lemma 2.2. Under Conditions 1 and 2, if we choose N sufficiently
large such that

—y=—1—-a) Ay + <0, 17)

then the following holds for any ergodic invariant measure z:

If there exist two solutions of the form u,(¢) = (€(2), h,(2)), u,(¢) =
(L(2), hy(2)) e U, then u; = u,, i.e., hy = h,.

Moreover if u(t) = (4(¢), h(t)) e U is a solution, then for any 4, € H,
and r <0, we have

lim &, (L', k)= h(D).

Proof of Lemma 2.2. Let p(t) = h,(t) —h,(¢). From (11) we have

dp
5= —Ap+ P,[R(u;)— R(wy)].

Taking inner product with p and by Condition 2, we have

| =

1
B |/7|§n = —{Ap, pow+<R(u) — R(w,), pu

L

t
< —(1=a) Ay lpli + K () |plis-

By the definition of U, 37, depending on t and «, such that for ¢, < T,

~(1=0) (=) + [ K () ds < =2 (1=1).
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Hence we have, for ¢, < T,,

PO <o)l exp { =201 =) (r=1)+2 [ KG9 ds}

< Ip(to)lh exp{ —y(t—1)}.
By Lemma 2.1 we have for any ¢, < min{7;, 7, },
P01 < 202k + 6+ 1531 exp{ = p(t— 1)} = 0,

as t, » —oo. This completes the proof of the first part of Lemma 2.2.

For the second part, let the high mode of the given solution u(?) be A,
and the solution to (11) starting from ¢, and 4, be A,, then we have the
estimate

PO < 1030) =Bl exp (=201 =) du(r=10)+2 [ K(u(s)) ds ).

By the same argument, p(¢) goes to zero as f, - —oo. Hence the limit exists
and equals 4(z). ||

From now on, we assume that N is large enough such that (17) holds.

Denote by £ the set of all ¢(-) e C((—o0, 0], H,) such that £= P,u for
some u = (¢, h) € U. By the assumption for the existence of the solution, we
know the set £ is not empty. Because of Lemma 2.2, we can define the
map @, which reconstructs the high modes of the solution at time zero
from given low mode trajectories stretching from zero back to —co. In this
notation A(0) = @,(L°) where L° is some “low mode past” in 2.

Define &,(L") = @,(L’, ®,(L°)). Now given any initial low mode past
of L € 2, we can solve the future of £ using the Gibbsian dynamics:

di(t) =[—AL+G(2), D,(L")] dt+dW (¢), (18)
where

G4, h) = P,R({+h).

Thus we have a closed form for the dynamics of the low modes given an
initial past L° € 2. We write L' =S?L°.

2.2. Equivalence Between Measures

In this section, we prove that the measures induced by the Gibbsian
dynamics with different past histories are equivalent. This is done using
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Girsanov theorem. Some conditions are necessary to ensure that the non-
linear terms do not grow too fast so that Girsanov’s theorem can be safely
used.

Given any L’ e 2, let Q,(L°, -) be the measure induced on C([0, ¢], H,)
by the dynamics of the equation starting from L°. In other words, Q,(L°, -)
is the distribution of S”L° viewed as a random variable taking values
in C([0, ¢], H,). Similarly let Q_(L%-) be the distribution induced on
C([0, 0), H,) starting from L°. We also denote by R,(L°-) the distribu-
tion of 4(¢) on H, condltloned at starting from L° at time zero.

Define D(g, £, /,) = G(g, f,)—G(g, f,). Suppose L' = S®L° for some
L°c#? and h, be some high mode initial condition in M,. Let A(¢) =
@, (L', 450(L°)) @,(L") and h(¢) = D,(L*, hy). It should be mentioned that
(4(t), h()) constitutes a solution for the stochastic equation (6) while
(€(2), h(2)) is not necessarily a solution.

Now we impose two conditions on the Gibbsian dynamics (18).

Condition 3. VL°e 2, hye H, and ae (0, 1), 3K > 0 such that
p { f:’ \D(CE), h(2), ()| di < K} >1—a>0. (19)
Condition 4. VL°e 2, ae(0,1)and T >0, 3K > 0 such that
[P’{LT IG(L(s), h(D))I’, ds<K}> l—a>0. (20)

Lemma 2.3. Assume that Condition 3 holds. Let L; and L be two
initial pasts in 2 such that L$(0) = L5(0), then Q_(L¢,-) and Q_ (LY, ) are
mutually equivalent.

Lemma 2.4. Under Condition 4, VL e 2, R,(L",-) is equivalent to
the Lebesgue measure m( -).

For any measure u on H, let P,u be its projection to the low modes
space H,. Namely, (P,u)(B)= u(P,'(B)). Then we have the following
direct consequence of Lemma 2.4.

Corollary 2.5. Under Condition 4, if g is an ergodic invariant
measure then P,u has a component which is equivalent to the Lebesgue
measure.
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Proof of Lemma 2.3. Define

A(K) ={F’e C([0, ), H,) :

J7 1D, 0, 1, (0). @, O dr < K |

where £,(0) = ®(L?),i=1, 2.
Then Condition 3 says that we can choose K big enough such that

P{w:S?L) e AK)} >1—a, i=1,2.

Hence, Q, (L}, A(K)) > 1 —a. Since a is arbitrary, it is sufficient to prove
that for any choice of K >0, O (L!,- n A(K)) is equivalent to Q, (L5,
- N A(K)).

We consider the following truncated processes y which will agree with
£ on the set A = A(K). As before, y(t) denotes the value of the process at
time ¢ and Y’ means the entire trajectory up to time ¢.

dy; (1) =[—Ay; () +0,(Y}) G(y,(1), D(Y, h,(0)))] dt+dW (1),
7:(0) = £,(0),

where

1 if feAK)ly .,
6,(f)= { . o
0 it f ¢A(K)|[O,t]'
A(K)|;o, 77 is the set of the low mode paths which stay in 4(K) up to time 7.
Let Q% (LY,-) and Q7 (L),-) be the measures induced by ¥; and Y,

respectively. Girsanov theorem will imply the result if the corresponding
Novikov condition holds:

Eexp {47126, DO (0. @Y h(O), 2.Y O di <o,

where 2 is a diagonal matrix with the ¢,’s on the diagonal, ie., 2 =
diag(o,,..., oy). Since | X ~!| < oo, it would be enough to show that

sup fw 16.(Y1) D(y,(1), DY, hi(0)), DY, hp(0))]is dt < K < o0,
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which is implied by the definitions of 4(K) and @ and the fact that y
agrees with £ on A(K). |

Proof of Lemma 2.4. Fix L° € 2. The proof proceeds by comparing
the process ¢(t) to the process x(¢) defined by the following stochastic
ODE:

dx(t) = —Ax(t) dt +adw (1), x(0) = £(0).

And define 4; to be

A6 ={ e (10,0 1)+ [ 169 @, B ds < by .

where h, = @,(L°) and b, is an arbitrary positive constant.
We use the truncation technique again. Define z(z) to be the solution
of:

dz(t) =[—Az(t) +0,(Z") G(z(¢), D,(Z', hy))] dt +dW (¢), z(0) = £(0).
As above, 0,(Z") is a cut-off function defined as:
1 if fedAr|oq
0 if f¢Ar|on-

Let Q7(L%-) and QY(L°%-) be the two measures induced on
C([0,t],H,) by the dynamics of x and £ respectively. Observe that
z(¢) = I(¢) as long as the trajectories stay in Ay, the Girsanov theorem will
imply Q7(L°, A;) is equivalent to Q*(L°, A;) for 0 < ¢ < T if the following
Novikov condition holds:

@t(f):{

Eexp {; [ 1270.2)2 1G((s), 2.2, b)) ds} <.
0
It is sufficient to prove the stronger condition
sup [ 1G(2(5), D(Z*, hy))I}y ds <o,
2(-)edyp °0

which is implied by the definition of 4.
By Condition 4, we can make the measure of A; as close as enough
to 1 by increasing b,. Then we can conclude that Q7(L°-) is equivalent to
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Q!(L®-). Notice that x(¢) is an Ornstein-Unlenbeck process with non-
degenerate noise, and thus a Gaussian random variable with positive
density. Its distribution is equivalent to the Lebesgue measure. So we know
that R,(L",) is equivalent to the Lebesgue measure. ||

2.3. Uniqueness of the Invariant Measure

Let u be an ergodic invariant measure on H for dynamics (6) and u,
be its extensions to the path space C((—o0, 0], H). We will also consider
the restriction of u, to C((—o0, 0], H,), still denoted by x,. Consider the
stochastic process defined by 6,S®L° where L° is a random variable on 2
distributed according to an invariant measure u,. For >0 it is a random
process with values in 2. Since u, is invariant with respect to the dynamics,
0,S?L° is a stationary random process. Hence with probability one there
exist time averages along trajectories 8,S“L°.

Take any bounded measurable functional F from C((—o0, 0], H,) » R
such that F(L°) depends only on L on a finite time interval. Let

F= j F(L) du,(L). Q1)

Theorem 1. Suppose that the stochastic PDE (6) satisfies Condi-
tions 1-4 and N is large enough such that (17) holds , then (6) has a unique
invariant measure.

The proof here is basically the same as the one given in [EMS] for the
stochastic Navier—Stokes equation. We give it here for self-completion.

Proof of Theorem 1. Suppose y, and u, are two different ergodic
invariant measures on H. Then they are mutually singular. Let u,, and
U, , be their extensions onto the path space #, we can find a functional
F defined as above such that F, = | F(L) du, ,(L) # F, = | F(L) du, ,(L).
Let L] be a random variable on £ distributed as 4, ;. The limit

li ITFQS“’L"d F
TI_I}ZOfJ‘O (tt i) t_i

is well defined for P-almost every w.

For £e H,, define 2#'({)={Le P :L(0)=1¢} and let u,,(-|¢) be the
conditional measure that L(0) = £. By Fubini’s theorem, we know that for
P,p;-almost every £e€ H, we have u, ,(#'(¢)|£)=1. Hence we can find
a set A4, = H, such that u, ,(2'(¢)|¢)=1 for all L€ 4, and P,u,(4,)=1.
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Define A=A, n 4,. Corollary 2.5 implies that P,u,(A)>0 for i=1,2.
Hence there exists some £* € 4.

Since £* € A, N A,, we know that u, ,(?'(£*) | £*)=1fori=1, 2. Thus
there exist some L, ; € 2'(£*) and L, , € 2*(£*). Notice that by construc-
tion L, ,(0)=¢*=L, ,(0) and hence it follows from Lemma 2.3 that
Q.(Ly 1,-) and Q. (Ly ,,-) are equivalent. Since L, ; € Z'(£*), we know
that we can pick B, = C([0, o0), H) such the time average of F converges to
F; for all futures in B; and Q. (L, ;, B;)) =1 for i =1, 2. Since the Q’s are
equivalent, O, (L ;, B n B,) >0 and hence B, n B, is non-empty. This in
turn implies that F, = F, which contradicts the assumption that they were
not equal. [

3. APPLICATIONS

In this section, we will discuss three popular stochastic PDEs intro-
duced in the first section. We will show that they satisfy the conditions
given in last section for the uniqueness of the invariant measure. Projecting
(2), (3) and (4) onto L2, we obtain the following Itd stochastic systems:

Stochastic Ginzburg-Landau equation (SGL)

du(x, t) = (du+u—u?) dt +dW(x, t); (22)
Stochastic Kuramoto—Sivashinsky equation (SKS)
du(x, t) = —(A*u+ Au+u Vu) dt +dW (x, t); 23)
Stochastic Cahn—Hilliard equation (SCH)
du(x, t) = (—A*u+AV'(u)) dt +dW (x, 1). 24

The existence and uniqueness of the solution for the initial value problem
associated with stochastic Ginzburg-Landau equation (22) in H' can be
found in [DPZ96] as a special case of the dissipative equations. The exis-
tence of at least one invariant measure is also given in [ DPZ96]. With our
assumptions on V(x), the stochastic Cahn—Hilliard equation is also dis-
sipative, so the same results for the SCH equation (24) can be given in
the same way. As to the stochastic Kuramoto-Sivashinsky equation (23),
notice that the linear part on the right side is the generator of a contractive
C,-semigroup on H? and the nonlinear term is of the Burgers type. Hence
based on Lemma 3.2 later, the same results for SKS equation (23) can be
proved using an argument similar to that for the Burgers equation in
[DPZ96].
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3.1. Ginzburg-Landau Equation

The notations are those of Section 2. H is the space L*[—x, n]. And
for every v e H?,

Av=—Av, R(v)=0v—0
The eigenvectors of 4 are

{ex(x), ke N}

sin X,. COS nx,

{\/277[ \/7008)(3 \/7 f \/75111 nx,. }

with eigenvalues 4, = [5]% n=1,2,.... Here [x] means the biggest integer
less than or equal to x.
The Poincaré inequality gives

IVoliz+[oftr > Joli> and  [Avli2 > [Vole. 25)
And the Sobolev inequality in one dimension has the form:
2 Jolfe < [olt2 +[Vol 2. (26)
Since H' = L* and
(Ol < @m) @, Ju@)le < Qo) (D, 27)
we have
u(O[Er + (@) ]3> = [u(D)] s < 2r+1) Ju(D)]iz — (27) ™" u(0)]i2 < ko
for some constant k, and hence
— {Au, wyy> + (R(u), wpy> = —[Vul iz + Jul 2 — |u]
= —|Vult2 — |u(O) |+ (D)1 + [l 2 — Jul s
—|ultz +k,.

This establishes Condition 1 for the SGL equation with # =1 and k,.
Let p = u; —u,, we have

(R(uy —1y), poo2> = |pliz = <(ui —u3), poo> < pliz,

which means the SGL equation satisfies Condition 2 with « =0, K(u) =1
and f = 1. (17) is equivalent to N > 3. From now on, we assume N > 3.
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The following lemma describes the the growth rate of |u(¢)|2: and
|Vu(?)|;2 on a set with probability arbitrarily close to 1.

Lemma 3.1. Vé>3,a€e(0,1)and C,>0,3C(J, a, C,) > 0 such that
if Juo |32 + Vit |32 < Co,

P {|u(z)|ia +|Vu(t)|?2 42 L | Au(s)|22 ds < Cy+Cit+C(t+1)° forall £ > 0}

> 1_a7

where C, =2k, + &+ &, and & =Y [£]* |a.|*.

Proof. Applying Itd’s formula to the map u(z) — |u(¢)|?2 and u(z)
— |Vu()|?2 produces

dlu(D)|f> = 2[— |Vu(?)|2> dt + u(?)|3> dt —|u(t)|y+ dt+ u(t), AW H 21+ &, dt
(28)

and
d|Vu(t)|i2 = 2[— | Au(t)|52 dt + |Vu(t)|;2 dt =3 |u(t) Vu(t)|;2 dt
—Au(t), dWH2 ]+ 6, dt
< 2[—|Au(?)|i> dt+ |Vu(t)|i2 dt — { Au(t), dW 21+ &, dt.  (29)

Combining with (28) and (29) and using inequality (27) give the energy
inequality after integration

t
Ol + Va2 +2 [ | Au(s)l ds
< luplt2 + |Vt |22+ (ko + 6+ 6))
t t
<+2 jo Culs), AW (s)py2 —2 jo Cu(s), AdW(s),2.

Let M, = [} <u(s), dW (s))> and M| = —(§ <u(s), AdW (s)>,2. Since [uo|i> +
|Vu|22 < C,, we only need to show that for C large enough

P{2M,+2M"' < C(t+1)° for t >0} > 1—a.
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The quadratic variation [M, M ], and [M', M'], satisfy the inequalities

t t
[M, M, <o [ W3z, [M' M), < (40)2s | ()12,
0 0

where o2, = sup |o;|> and (406,,,,)* = sup |k’c,|>. Hence

(0, 3 <o ([ o ) <ot [ otz ds
0

(M, M'])" < (40)%, < NG ) <o), 1 [ ju(s) 2 ds

From Corollary 4.2, we know that if |u(0)|>2 < C, then for any p > 1
there exists a constant C, so that E |u(t)|ﬁ’£ < C, for all £> 0. Define the
events

Ak={ sup |M,|>— k‘;}

se[0, k]

By the Doob—Kolmogorov martingale inequality and Martingale Moment
inequality we have

max

4 |M|* _4*C,E((M, M1, _4%6%.C,C, k?
C2pk2p¢5 < CZkapé < C2p k2p(5 :

P{d} <

And notice that

P{M,s%(zﬂ)" for t>0}> 1—P{U Ak}> 1-Y P{4,}.

k k
For the sum of P{4,} to be finite, we only need J >*%/2 And the sum
can be made as small as we want by increasing C. By a s1m11ar argument
IP{M, <£(t+1)° for all 1 > 0} can also be made as close as enough to 1 by
increasing C. Let C to be big enough such that P{M, >< (¢+1)° for some
120} <%and P{M, > % (t+1)° for some 1 >0} <%. Then

P{2M,+2M; <C(t+1)° for t >0} >1—

By the arbitrariness of p, we have the conclusion. ||

Next we show that the SGL equation satisfies the Condition 3. Fix
L°e 2 and h(0) a high mode initial value at time zero. Let L*=S®L°
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and #(s) = L'(s) for s <t. Then with probability one, A(s) = @,(L*) where
u(s) = (£(s), h(s)). Fix a constant C, such that |u(0)|:2 +|Vu(0)|>2 < C,. For
any positive C we define

D(C) = {f e C([0, c0), 12) -

|u(t)|§z+|Vu(t)|§z+2j' |4v(s)|?> ds < Cy + (2ky + &, + &) t+Ct5,
0

where v(s) = f(s) +D,( f, QO(LO))}.
Projecting u(¢) onto H,, by Lemma 3.1 we know that for any a € (0, 1),
there exists a C such that
P{w: S?’L°e D(C)} >1—a>0.

Putting A(s) = ®,(L*, h(0)), p(s) = h(s)—h(s), then u=£+h=£+h+p and
we have

ID(E(s), h(s), h(s))]i2

= sup [KP(p[u’+u(u—p)+u—p)’L w)|*

wel? |w=1

< sup  (IVPwliz+[Pwli2) pLu’+u(u—p) +(u—p)*]Ii:
wel”, |w=1

< C(N) Ipliz (Julys +1pl12)
<3CN) |plt> (ult>+uli> [Vuli> +2 |pl1s). (30)
Notice that if L’ € D(C) then for all t € [0, T']
lu(£)|?2 < Cy+ (2ko + &, + &) t+Ct5,
IVu(t)|22 < Cy + (2ky + 6, + &) t+Ct5.

In addition, we can apply the same analysis as in Section 2.1 to obtain

()2 < [p(0)[% exp {(—2 [g]u) t} <4C, exp {(—2 [%T+2>t}.
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For |p|i+, we have

1d|p(2)lis
G = p p e+ ol = (oLt 4 ulu—p) + (u=p)*], pe
< —3<Vp, P> Vpdiz+plis < plis.
Thus
lp(0)]i+ <1p(0)| 1+ exp(41) < 16C exp(4t).
By assumption that N >3, |p(?)|;2 and |p(?)|:2 |p(2)|}+ go to zero exponen-

tially fast when L' e D(C) and hence the estimate on the right hand side of
(30) decays exponentially fast. Thus,

sup [ D), DL, By(LY), @,(L', KO))|3: dt < K(C) < o0
{w:S8? L' e D(C)} YO

for some constant K(C). Thus Condition 3 holds.

We now move to Condition 4. Fix L°e 2. Before continuing let us
assume without loss of generality that |¢(0)],2 <C, and < T for some
positive C; and T'. Define

D, (b)) = {f € C([0, ), 1.2) : Lt [o(r)|82 dr < (b,Cy)® T for 0<t<T,

where v(s) = f(5)+D,(f, Dy(L°)) }

By Lemma 3.1, which says |u|}2 grows polynomially on arbitrarily large
sets, P{w: S?’L" € D;(b,)} can be made as close as we wish to 1 by increas-
ing b,. We will show that

sup [ 1G(U(s). B,(L*, By(LY)))[2: ds < o,
L'eDy ¥0
Let A(s) = ®,(L*, @,(L°)), then we have the following estimate on G:

|G(4(s), D,(L*, hy))|p2
= sup U—(+h)>3 Pw)

wel? wlp2=1

<W2+C  sup  (IP, V|2 +|Pw|t) 2 {|€+h% |6+

wel”, wj2=1

<L+ 1+ CV)([IR(s)| 2|32 + 1817 22).
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By Sobolev inequality,

113132 < Jelu= 1l < —= (IR + VeI 32 el < C(N) 1.

1
NG
By Lemma 4.4 we know that if L' is in Dy then sup, o 4 [2(2)|,2 is less than

some C,;, where C; depends on |A4|,> and the b,, C, and T used to define D;.
Hence for any ¢ € D;, we have

t t
[, 16C). @.(L7 b)) ds < C' [ LUS)IE+[IAG)IH 2+ 1] ds
< C'(b,Cp)* T+C"Clt+C't.

Thus Condition 4 is satisfied.
Then we have the following theorem:

Theorem 2. For N > 3, the stochastic Ginzburg-Landau equation
(22) has a unique invariant measure.

In [EHOO], Eckman and Hairer proved uniqueness of the invariant
measure for the stochastically forced Ginzburg-Landau equation when all
but a few low modes are forced. J. Mattingly has informed us that he has
also obtained the same result as in Theorem 2 using similar ideas.

3.2. Kuramoto-Sivashinsky Equation

We assume the initial condition and the random perturbation to be
odd in the stochastic Kuramoto-Sivashinsky equation, which is equivalent
to the no-slip boundary condition on [0, #]. Hence the solution is also
odd. The same results for the general case is promising if we combine the
technique in [ CEES] and [ G] with the strategy here. But this has not been
achieved.

Thus we can discuss this problem in H, the space of all odd functions
in 2. Then {sin(kx), k€ N} gives a basis for H. Let H*=H n H* denote
the subspaces of odd functions of H* Let us consider the Schrédinger
operator on L [—7, n]:

K = A*w—qw, (31

where ¢ is in C32, = {y € C=, Y(x) = Y(x+2n), [*, ¥(x) dx =0}. K acts
on L* and its domain is H* If ¢ is an even function we observe that K
maps H* into H, and we denote by K, its restriction to H with domain
D(IK,) = H*. The proof of the following lemma can be found in [T97].
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Lemma 3.2. For any a > 0, there exists an even function ¢ in C;‘;,
such that

(Kow, w) =3 |Aw]i> + o w2, (32)

Suppose u is the solution of the stochastic Kuramoto—Sivashinsky
equation (23). Let u=w+¢@, where ¢ is an odd function such that
g = —1Vg satisfies Lemma 3.2 with « =2. By integration, we can get ¢
from g. Then SKS equation (23) becomes:

dw(x, t) = —A*w—Aw—@ Vw—w Vo —w Vw+g(@) +dW (1), (33)

where g(@) = —4°¢p — Ap —@Ve. We will discuss the SKS equation in the
form of (33). We introduce the the following notations:

Aw = A*w, R(w)=—Aw—@ Vw—w Vo—w Vw+g(p),

where {e,(x)} = {sin(kx)}, k € N and 4, = k*.
By Lemma 3.2 and the way we choose ¢, we have

—3 WV, wh2 <3 1Awli =2 [wli.
And by interpolation

[wli2 [Awli2 +1g(@)]i2 w2
AWl +2 Wit 45 |g(@)l .

Vw32 +<{g(@), w2

NN

Therefore
— AW, wH2+(R(W), w2 = —|Aw|}2 +|Vw|iz — 1 (w Voo, w2 +<g(@), w2
<—Hawli+1 1g(@)li,

which means the SKS equation satisfies the Condition 1 with 7 =] and

ko =1 |g()|t2. Moreover, we have:

Lemma 3.3. Vé>3,a€e(0,1)and C,>0,3C(J, a, C,) > 0 such that
if wolt2 < G,

P {|w(t)|ﬁz+; Lt |[Aw(s)|22 ds < Cy+Ct+C(t+1)° for all £ > 0} >1—a,

where C, =3 |g(@)|12 + &.
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Proof. The energy equation reads
t t
)l +3 [ 1wl ds <ol + G le()li+ &) t+2 [ w(s), dW ().
Let M} = {§ <w(s), dW(s)>,>. Notice that
! 2
(M, M), <0 | W12
0

By an argument similar to the proof of Lemma 3.1, we have the conclu-
sion. ||

Now we move to the Condition 2. Suppose p=w,(t)—w,(t) € H,,
then

U) —RKUy), p)r2 =K— — Ly W1 VW — W, YW, |, P12
(R(uy) = R(w), pr>=<{—Ap—P Lo Vp+pVo+w V Vw,1, p>
= |Vpliz—3 Vo, p*> +3<[p(w, +w,)1, Vp)
= |Vpliz—35 Vo, p>> +3<[p(2w, — p)1, V)
Vol
= |Vpliz—35 Vo, p>> +<wy, p Vp).
By Lemma 3.2,
—3 Vo, p*> <3 14pli =2 |plt-.
Using Sobolev inequality, we have
<wy, p VY < pl= Iwy Vol < w2 [Vplia.
So
(R(u) — R(w,), pdiz <3 |4pli=+|Vpliz =2 |pli2 + Iwili2 [Vplt2
<%|AP|E2 +14pli2 |pliz—2 |P|i2+|wl|m2 |4pli2 |pli2
<3 |dplt2+2 wili |pl3:.

By Lemma 4.3, we know that |w|;2 is in L.*(x) and

[ iz du <3 lg(o)li + 6.

Thus the SKS equation satisfies the Condition 2 with « =2, K(w) =2 w22
and f = |g(¢)|:2+26,. Equation (17) is equivalent to N* > 4(|g(¢)|2 +2&,).
From now on, we assume N* > 4(|g(@)|2 +2&,).
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To check Condition 3, fix L° e 2 and 4(0) a high mode initial value.
Let L*=S“L" and #(s) = L'(s) for 0 <s<t. Then with probability one,
h(s) =D,(L°) where u(s)=(4(s), h(s)). Fix a constant C, such that
[w(0)|?2 = |L°(0)|?: < C,. For any positive C we define

D(C) = {f € C([0, 00), L) :
lw(t)l72+1 fot | Aw(s)| 2% ds < Co+ (L |g(@)|22 + &) t+Ctl,
where v(s) = f(s) +D,( f, ‘150(L°))}.

By Lemma 3.3, we know that for any a € (0, 1) there exists a C such that
P{w: S?’L°e D(C)} >1—a>0.

Let h(s) = @,(L*, h(0)), p(s) = h(s)—h(s), then w=L£+h=£+h+p and we
have

ID(U(s), h(s), ()2 =5 sup  [KP(Vp(2w—p)), v)I?

vel? =1

=1 sup [KpQw—p), VPw)|?

vel® |o=1
<C sw (4Pv32) (Ul + Ipli2 Iwli2)
<C(N)(lpliz+plt> Iwl2). (34)
Notice that if L’ € D(C) then for all z € [0, T']
W(D)]32 < Co+ (G (@3 +6) t+Ct5,

[ )iz ds < [ 1wl ds <2Cy + (lg(@)]i2+26) 1+2Ct5,
0 0
In addition, applying the same analysis as in Section 2.1, we have

PO < lp(O)f exp{ —3 -4 [ (o ds |

< 4C, exp{ —1 N*+8C, +4(1g(9)|?2 +2&,) t +8Ct5}.
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Assume that N*> 8(|g(@)|i2+26&,), we see then the estimate on the right
hand side of (34) decays exponentially fast when L’ € D(C). Thus,

sup jw |D(U(t), @,(L', Dy (L)), D,(L*, h(0)))|:> dt < const. K(C) < o0,

5?1 D(C) *°

which implies that the SKS equation satisfies Condition 3 when N*>

8(lg(¢)Ii2+26).
To Condition 4, define D, to be

Dy(by) = {f e C([0, ), L2) : jo [o(r)|%2 dr < (byC,)* T for 0<¢t<T,

where v(s) = f(s)+®,( f, ¢0(L°))}

By Lemma 3.3, which says that |w|}: grows polynomially on arbitrarily
large sets, P{w: SYL’ e D;(b,)} can be made as close as we wish to 1 by
increasing b,. We will show that

sup [ [G(U(s), B (L, @y(L)))[2: ds < .
L'epy V0
Let 4(s) = @,(L*, hy)) where b, = ®,(L°), we have the following estimate on G:

IG(E(s), D(L% ho))l> = sup  [KA(L+@)+(h+L+9) V(h+L+9), Bw)l

wel”, |wj2=1

< sup e+, APw)|+; [K(E+h+9)?, VEw)|

we [L2, wl2=1

<C(p) sup  |RV-Awle (Jhlp2+1E+1)

weﬂ_z, wl2=1
S CW, )(hli2+ Iz +1).

By Lemma 4.5 and the fact that ¢ is a constant with respect to time, we
know that if L’ is in Dy then sup, (o, [#(¢)],2 is less than some C,, where
C, depends on |4y|,2 and the b,, C, and T used to define D;. Hence for any
£ € D, we have

[} 16Ct(s), @, (L )Nz ds < [ L+ A2+ 1] ds

< C'(byC))*T+C"Ct+C't.

So the SKS equation satisfies Condition 4.
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Then we can conclude the theorem for the SKS equation:

Theorem 3. For N*> 8(|g(p)|i2+26,), the stochastic Kuramoto—
Sivashinsky equation (23) has a unique invariant measure.

3.3. Cahn—Hilliard Equation

We assume that the random perturbation and the initial condition
have zero means in the stochastic Cahn-Hilliard equation. As a conse-
quence, the solution also has zero mean. Define H*={ve H* and
j’i,, v(x) dx =0}, the subspace of H* with zero means. We will work on
space H° with the following notations:

Au = A?u, R(u) = AV'(u).

Then {e.} ={°%",Si“7;,..., wﬁx,si“/’f‘,...}, A =[21*% keN. We suppose

that V' (u) is twice continuously differentiable and satisfies the following
condition:

b=sup |V"(w)| < 1.
Then we have
—{Au, w2+ (R(u), w2 = —|duli> — V" (u) Vu, V),

<sup (—k*+bk?) |ult2

keN
< (—14b) |ul?-.

So the SCH equation satisfies the Condition 1 with# =1—5 and k, = 0.
For Condition 2, by the same argument

CR(uy) — R(wy), por2 = <AV () = V' (), por2
<sup [V (-)| [Vpli2
<b|Vplia.

By Poincaré inequality, we know the SCH equation satisfies Condition 2
with & = b and K(u) = 0. Equation (17) is equivalent to N > 1.
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Lemma 3.4. Vé>3,a€e(0,1)and C,>0,3C(J, a, C,) > 0 such that
if [uo| > < G,

P {|u|f2+2(1—b) f |u(s)|?2 ds < Cy+ &yt +C(t+1)° for all z>0} >1—a.
0

Proof. Applying Ito’s formula to u(t) — |u(z)|22, we have

dlu|?> = 2[— |du|?2 4+ AV (), udy2] dt +2{u, AW H,2 + &, dt
<2(b—1) |ul?> dt+2{u, dW H2 + 6, dt.

By Corollary 4.2 and an argument similar to the proof of Lemma 3.1, we
can have the conclusion. ||

Now we go to the Condition 3 for SCH equation. Fix L° € 2 and A(0)
a high mode initial value. Let L*=S®L° and #(s) = L'(s) for s <t. Then
with probability one, A(s) = @,(L*) where u(s) = (4(s), h(s)). It would be
enough to show that

sup fow ID(£(t), B,(L", By(L), ®,(L', K(0)))|?> dt < oo.

Putting A(s) = ®,(L*, h(0)), p(s) =h(s)—h(s), then u=~L+h=~L+h+p,
and we have

ID(Us), h(s), ()2 = sup  [KPAYV' )=V '(u—p)), w)I?

wel”, |w=1

sup  [<(V'(w) =V (u—p), APw)|*
wel”, w=1

< sup  |APwli: |pli:

we[Lz,|w|=1

<C(N) Ipl. (35)
While p satisfies the following equation:
dp=[—A*p+P, AV () —V'(w,))] dt.
So by the same argument in Condition 2,

1d

5 3 Pl = =1l =<V () =V (1)), V)

< = 4pliz+bVpliz < (—=1+b) |pli2.
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Hence
P13 < 1p(O)[2 exp{2(b—1) 1} < 4C, exp{2(b—1) 1}.

Thus the right hand side of (35) decays exponentially fast. Thus,
sup [ D), @ (L, (L"), B(L', KO)IE: di < oo,
@ 0

which implies Condition 3 for the SCH equation.
For Condition 4, first define Dy to be

Dy(by) = {f e C([0, o), L2) : jo [o(r))% dr < (byCy)* T for 0<t<T,

where v(s) = f(5) +D,(f, Do(L°)) }

By Lemma 3.4, which says |u|>> grows polynomially on arbitrarily big sets,
P{w: S?’L" € D;(b,)} can be made as close as enough to 1 by increasing b,.
We will prove that

sup [ IG((s), (L, (L3 ds < o0,
L'epy V0

Let h(s) = ®,(L*, hy)) and hy = @,(L°)), we have the following estimate on G:
IG(U(s), DAL )iz = sup  KPAV'(h+£), wHI?

wel”, w2=1

sup  |<V'(h+4), AP,w)|?

wel? |w2=1

< sup P, V-Aw|i: (Jh+£] +V7(0))

wel? wl2=1

S C(N)(JAlz2 + €2 + ).

By Lemma 4.6 we know that if L' is in Dy then sup, o 4 |2(2)|;2 is less than
some C,;, where C; depends on |A,|,> and the b,, C, and T used to define D;.
Hence for any L’ € D;, we have

[} 16(s), DL, B ds < C [ L)+ (s)IE+ ] ds

< C'(ByCy)2 T+C"C3t+Clet.

Hence the Condition 4 is satisfied by the SCH equation.
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Now we have the theorem for the stochastic Cahn—Hilliard equation:

Theorem 4. For N > 1, the stochastic Cahn-Hilliard equation has a
unique invariant measure.

4, ESTIMATES

4.1. Energy Estimates

In this section, we will give some energy estimates for general stochas-
tic dissipative PDEs under Condition 1. As before, define the constants
& =2 10ul’, Trax = sup |0, |* and (40,,,,)* = sup |k’ |*.

Lemma 4.1. Forany p > 1, we have
E @ +20p | Elu()l¥ ds <EW)F+Cy [ Elus)ir—"ds,  (36)
0 0

where Cy = 2p(p—1) 62, + p(2ky + &).

Proof. Applying 1t6’s formula to the map u(z) — |u(¢)|#¥ and using
Condition 1, we have

dlu()|F = 2p [u(@)|37 ™" [— {Au(), u(t) yy di + (Ru(2)), u(t) yy dt + u(t), dWHy ]
+2p(p—1) lu(0)[37? <Z | (1) Iok|2> dt+p lu@®)|}"~" & dt

<2p ()3P0 [—n lulyy dt+ko di+u(t), dW i ]
+2p(p—1) 0% [~V dt+p (D)3~ &, dt. (37

For a fixed H > 0, define the stopping time 7" to be
T=inf{t>0:u(?)|j > H?}.

Denoting by M, the local martingale term in (37), define
M7 = [ 2p (s AT Culs AT ), dW (5) 3.
0
Let [M”, M"], to be the quadratic variation of M7, then

[MT, MT], <4p’c?,. r lu(s AT)|P~2 ds < 4p*c 2, H?*t < 0.
0

max
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So E[M", M"], <oo. Hence MT is a martingale and EMT =0. By the

Optional Sampling theorem we have EM’, . =0. Since M, ,, = MT ., we

have

tAT
E |u(t AT)|Z +2npE L [u(s)|? ds

tAT
<EW(O)F +[2p(p—1) e+ (ko + E)TE [ ()|~ ds.

Since u(¢) is continuous in time, T — o0 as H — oo and hence T At — ¢.
Thus we obtain

t
E lu(t)[3f +20pE | lu(s)[if ds

<E (O +[2p(p—1) b+ p(2ko + E)] E [ a7 ds. 1

By Gronwall’s inequality, we have the following estimates uniformly in
time.

Corollary 4.2.

2ky+ &,
25

E lu()li < e™"E |u(0)]; +< >(1 —e™). (38)

And for any p>1
E (O <ePEO)IF+Cy [ e IE (i ds.  (39)
0

Now we establish a number of properties, derived from Corollary 4.2,
that invariant measures for general SPDEs of the form (6) must have.

Lemma 4.3. Let x4 be an invariant measure on H for Eq. (6). Then
for any p > 1 there exists a constant C, < oo such that

fH |u2? du(u) < C,. (40)
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Proof. Suppose p=1. Then Ve>0, 3b, such that p{ueH : |u}
<b}>1—e Let B.={ueH:|ul} <b.}. Then VH > 0 and ¢ > 0, we have

(|, ot w H) diaCu) = | Bl lly ) dip() < He [ E(lp ) da(.

Applying the first bound (38) in Corollary 4.2 gives

(2k() +é60)+e_2m <b€ _(2k0 +éao)>

[ (3 A H) du(u) < He+
H 2n 27
Let t — o0 and notice that € was arbitrary, we obtain

2
[ Qo n )y dutuy <2225,
H 27

Let H — oo, we obtain (40) for p = 1. The argument for higher moments of
the energy is the same. ||

Now we give the proof of Lemma 2.1 claimed in Section 2.

Proof of Lemma 2.1. The basic energy estimate, derived from (37),
reads:

(O < o)+ (2o + )t —10) =21 [ () dls+2 [ Cu(s), A (5))e

For any k > 1, the above estimate implies

sup  [u(S)]s <[u(=K)[5 +2ko+ &+ sup  Fi(s),

se[—k, —k+1] se[—k, —k+1]

where Fi(s) = =27 [* |u(r)|} dr+2M,(s) and M, (s) = [, <u(r), dW (r)y.
Now define

A, ={u(s):  sup  |u(s)|fy < 2ko+ 6 +K, [k—1]°}.

se[—k, —k+1]

By Borel-Cantelli lemma, we need only to show that 3. o u,(A4};) < c0.
Notice that

K, s
145 < s, { s =0, > 52 e=11°}

K
+ 1, {u(s): sup  F.(s) Z%lk—ll‘s}.

se[—k, —k+1]
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Lemma 4.3 implies that the second moment of the energy under the
invariant measure is uniformly bounded by some constant C,. Hence
Chebyshev’s inequality produces

4 4C.

which is summable as long as § > 1.
For the second term, first notice that with probability one,

(M M6 =] Y ol () dr <0 | lur)l .

And hence

2
Fi(9) <2M(s) =

max

[M, M ](s)

almost surely. And the exponential martingale inequality says that for
positive a and f,

P{ sup My (5)— [My, My J(5) > ﬁ} <e .

se[—k, 0]

Taking o = and B =5 k—1|° we find

K
m{u(s): sp  Fu(9)> k-1 <enp (T8 1),

se[—k, —k+1]

Since this is summable for any J > 0, the proof is complete. |

4.2. Control of High Modes

4.2.1. Ginzburg-Landau Equation
Lemma 4.4. If A(¢) is the solution to (11) of the SGL equation with

some low mode forcing £ € C([0, ¢], L}), then SUP, <o, 11 1A(s)]y2 is bounded
by a constant depending on |h(0)|,2 and [} |£|{> ds.

Proof. Taking the inner product of (11) with 4 produces

d
5 72 IO = VA + Al = <P+ ), by

= —|Vhl2 +|hl2 — <P, by —3<0h, by = 3<IR°, by —<B2, ).
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Since
43I +31%h* >0,  3IPR+DPh+i14 >0,

we have

1d 1 1
5 OIS VAl +2 12 < 5 1 7

1
< Ihli2+g 1E> (132 +VI12).

Since £ € L} we have |V£|,> < C(N) |¢|,> where N = sup{|k|: Je, with ¢, € L}},
and hence after applying Gronwall’s Lemma we have

IO < O exp@0 +C, [/ 145 ds Jexp(zo). N
4.2.2. Kuramoto-Sivashinsky Equation

Lemma 4.5. If A(¢) is the solution to (11) in the SKS equation with
some low mode forcing £ € C([0, 7], L}), then sup, o ; [A(s)|,2 is bounded
by a constant depending on |A(0)|,2 and jf] €[22 ds.

Proof. Taking the inner product of (11) with 4 produces
1 d 2 2 2 2
5 7; MOz = —|4hliz + VAl — <B, V(E+R), B

= —|dh|}2 4 |Vh|32 — 2L VL, B +2{th, VE).

Since
AR VAR <O, =200 Ve By <2 |4l |02 Vhly: < |48 167+ %
and
2th, Vhy = —(VE, B*) < |4€)2 |Al3,
we have

1d
3 h(0)]i2 < IRl + 1481 Rl + 14205 €.
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And we also have |4l|2 < C(N) |l|;2. Hence after applying Gronwall’s
Lemma we have

H(D) < ()2 exp (20 R ds+2t>

+C, (L 16| ds>exp <2c fo 14,2 ds+2t>.

By Holder inequality ({§ [€],> ds)* < * [§ |€|{> ds, the proof is complete. I
4.2.3. Cahn-Hilliard Equation
Lemma 4.6. If A(¢) is the solution to (11) in the SCH equation with

some low mode forcing £ € C([0, 1], L}), then sup, (o, |A(s)|,2 is bounded
by a constant depending on |h(0)|,2 and [ |£|> ds.

Proof. Taking the inner product of (11) with 4 and making use of
the assumption on V' produce

1d
2 |h(0)]2 = —|4h|t2 = <VV' (L +h), V) = —| 4|t — <V (u) V(I +h), Vh)

3 1
< — 4[> + VA3 +|VI|,2 [Vh] 2 < —IAhliz-i-E IVhIEH-E IVI[2.

Since — |4k |2 +3 Vi |2 = (—k*+2 k%) ||t < C, |l |32, for someconstant C,,
we have —|4h|{2+2|VA|{ < C, |h|{2. And we also have |VI|}> < C(N) 4|32,
and hence after applying Gronwall’s Lemma we have

IO < HO)E expC) +C (J! 1 ds )expiacin.
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